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Abstract. Elastic parton-parton-parton scattering is briefly reviewed and is included in
transport equations of quark-gluon matter. We solve the transport equations and get thermal
states from initially produced quark-gluon matter. Both gluon matter and quark matter take
early thermalization, but gloun matter has a shorter thermalization time than quark matter.
1. Introduction
A large amount of particles move randomly and momentum distribution functions in different
directions are identical. The distribution depends only on the absolute value of the three-
dimensional momentum. The dependence indicates the existence of a thermal state and
exposes the basic quantity temperature, which value is acquired from the analytic expression
of the distribution (e.g., temperature is in the Boltzmann distribution). Unfortunately, the
system of gluons, quarks and antiquarks produced in initial nucleus-nucleus collisions at the
Relativistic Heavy Ion Collider (RHIC) energies does not possess temperature. This is because
the distribution in the incoming nucleus beam direction is much larger than the distribution in
the direction perpendicular to the beam direction [1]. However, the system evolves rapidly
into a thermal state (a quark-gluon plasma) as concluded from the elliptic flow data of
hadrons [2] and the corresponding explanation of hydrodynamic calculations which assume
early thermalization and ideal relativistic fluid flow [3, 4]. The early thermalization or the
rapid creation of temperature is generally interesting. Parton-parton scattering was employed
to study thermalization of initially produced quark-gluon matter, but is not enough to explain
the early thermalization [5, 6, 7, 8]. Elastic gluon-gluon-gluon scattering was proposed to
explain the early thermalization of gluon matter [9]. Nevertheless, elastic quark-quark scattering
and elastic quark-quark-quark scattering give a long thermalization time of quark matter
[10]. Recently we have obtained that quark matter takes the early thermalization due to all
types of elastic scattering that involves quarks [11]. In the next section I briefly introduce
the elastic scattering of quark-quark-quark [10], quark-quark-antiquark [12], quark-antiquark-
antiquark, antiquark-antiquark-antiquark, gluon-quark-quark [13], gluon-quark-antiquark [13],
gluon-antiquark-antiquark, gluon-gluon-quark [11], gluon-gluon-antiquark or gluon-gluon-gluon
[9]. In section 3 we present transport equations that include all types of elastic parton-parton-
parton scattering and numerical results of the equations. Conclusions are in the last section.
Table 1. The number of diagrams for elastic parton-parton-parton scattering, the number of
diagrams in a class, the number of the triple-gluon vertex and the number of the four-gluon
vertex of a diagram.
elastic number of class number of number of number of
scattering diagrams diagrams the 3-gluon the 4-gluon
for a type in a class vertex vertex
quark-quark-quark 1 42 1 36 0 0
2 6 1 0
quark-quark-quark 2 14 1 12 0 0
2 2 1 0
quark-quark-quark 3 7 1 6 0 0
2 1 1 0
quark-quark-antiquark 1 58 1 52 0 0
2 6 1 0
quark-quark-antiquark 2 14 1 12 0 0
2 2 1 0
quark-quark-antiquark 3 29 1 26 0 0
2 3 1 0
quark-quark-antiquark 4 7 1 6 0 0
2 1 1 0
gluon-quark-quark 1 72 1 40 0 0
2 24 1 0
3 8 2 0
or 0 1
gluon-quark-quark 2 36 1 20 0 0
2 12 1 0
3 4 2 0
or 0 1
gluon-quark-antiquark 1 76 1 40 0 0
2 28 1 0
3 8 2 0
or 0 1
gluon-quark-antiquark 2 36 1 20 0 0
2 12 1 0
3 4 2 0
or 0 1
gluon-gluon-quark 123 1 24 0 0
2 36 1 0
3 38 2 0
or 0 1
4 25 3 0
or 1 1
gluon-gluon-gluon 220 1 105 4 0
2 96 2 1
3 19 0 2
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Figure 1. Elastic gluon-quark-antiquark
scattering. The wiggly (solid) lines stand
for gluons (quarks and antiquarks).
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Figure 2. Same as figure 1.
2. Elastic parton-parton-parton scattering
Each type of elastic 3-to-3 scattering is divided into 2, 3 or 4 classes according to the number of
the triple-gluon vertex and the number of the four-gluon vertex. In Table 1 we list the number
of diagrams for each type or in a class, the number of the triple-gluon vertex and the number of
the four-gluon vertex of a diagram. The number following the entry quark-quark-quark has the
meanings: the three quarks are identical at 1; only two quarks are identical at 2; the three quarks
are different at 3. The number following the entry quark-quark-antiquark has the meanings: the
two quarks and the antiquark have the same flavor at 1; only the two quarks have the same flavor
at 2; only one quark has the same flavor as the antiquark at 3; the three flavors of the two quarks
and the antiquark are not identical at 4. The number following the entry gluon-quark-quark
(gluon-quark-antiquark) has the meanings: the two quarks (the quark and the antiquark) have
the same flavor at 1; the two quarks (the quark and the antiquark) take different flavors at 2.
Feynman diagrams for the elastic quark-antiquark-antiquark scattering (antiquark-antiquark-
antiquark, gluon-antiquark-antiquark, gluon-gluon-antiquark) are obtained from the Feynman
diagrams for the elastic quark-quark-antiquark (quark-quark-quark, gluon-quark-quark, gluon-
gluon-quark) via the replacement of quark by antiquark and vice versa. To illustrate elastic
3-to-3 scattering, we show four Feynman diagrams in figures 1-4. In figures 1 and 2 quark-
antiquark annihilation and creation occur. In both figure 3 and figure 4 two triple-gluon vertices
and one four-gluon vertex are involved.
The elastic gluon-gluon-gluon scattering is complicated but rich in the process as shown by
the 220 Feynman diagrams at the tree level [9]. To better understand the scattering, we sort
out Feynman diagrams in every class. We select three triple-gluon vertices of a diagram to
subclassify the diagrams in the first class and six subclasses are obtained according to the initial
gluons and the final gluons possessed by the selected vertices. The subclasses are listed in Table
2. Every diagram in the second class has a four-gluon vertex and two triple-gluon vertices.
We select the four-gluon vertex and a triple-gluon vertex to subclassify the diagrams in the
second class and nine subclasses are obtained according to the initial gluons and the final gluons
possessed by the four-gluon vertex and the selected triple-gluon vertex. The subclasses are listed
in Table 3. Diagrams in the third class can not be subclassified.
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Figure 3. Elastic gluon-gluon-gluon
scattering. The wiggly lines stand for
gluons.
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Figure 4. Same as figure 3.
Table 2. Number of diagrams in a subclass identified by the three selected triple-gluon vertices.
n1i and n1f (n2i and n2f , n3i and n3f) are numbers of initial and final gluons possessed by the
first (second, third) triple-gluon vertex, respectively.
subclass number of n1i n1f n2i n2f n3i n3f
diagrams
1 36 1 1 1 1 1 0
2 18 0 2 1 1 1 0
3 18 2 0 1 1 0 1
4 18 2 0 0 2 1 0
5 6 1 1 1 1 0 0
6 9 2 0 0 2 0 0
Table 3. Number of diagrams in a subclass identified by the four-gluon vertex and the selected
triple-gluon vertex. ni4 and nf4 (ni3 and nf3) are numbers of initial and final gluons possessed
by the 4-gluon vertex (the 3-gluon vertex), respectively.
subclass number of ni4 nf4 ni3 nf3
diagrams
1 18 1 2 1 1
2 18 2 1 1 1
3 9 1 2 2 0
4 9 2 1 0 2
5 3 0 3 2 0
6 3 3 0 0 2
7 18 1 1 1 1
8 9 0 2 2 0
9 9 2 0 0 2
3. Transport equations and thermal states
We assume that quark-gluon matter consists of gluons, quarks and antiquarks with up and down
flavors and the two flavors (the quark and the antiquark as well) have the same amount. Let
the distribution functions for the gluon, the up-quark, the down-quark, the up-antiquark and
the down-antiquark be fgi, fui, fdi, fu¯i and fd¯i, respectively, where i labels the ith parton in
scattering, and fui = fdi = fu¯i = fd¯i = fqi. The transport equation for gluon matter is
∂fg1
∂t
+ ~v1 · ~∇~rfg1 = − 1
2E1
∫
d3p2
(2π)32E2
d3p3
(2π)32E3
d3p4
(2π)32E4
(2π)4δ4(p1 + p2 − p3 − p4)
×
{
gG
2
| Mgg→gg |2 [fg1fg2(1 + fg3)(1 + fg4)− fg3fg4(1 + fg1)(1 + fg2)]
+gQ(| Mgu→gu |2 + | Mgd→gd |2 + | Mgu¯→gu¯ |2 + | Mgd¯→gd¯ |2)
×[fg1fq2(1 + fg3)(1 − fq4)− fg3fq4(1 + fg1)(1 − fq2)]}
− 1
2E1
∫
d3p2
(2π)32E2
d3p3
(2π)32E3
d3p4
(2π)32E4
d3p5
(2π)32E5
d3p6
(2π)32E6
×(2π)4δ4(p1 + p2 + p3 − p4 − p5 − p6)
{
g2G
12
| Mggg→ggg |2
×[fg1fg2fg3(1 + fg4)(1 + fg5)(1 + fg6)− fg4fg5fg6(1 + fg1)(1 + fg2)(1 + fg3)]
+
gGgQ
2
(| Mggu→ggu |2 + | Mggd→ggd |2 + | Mggu¯→ggu¯ |2 + | Mggd¯→ggd¯ |2)
×[fg1fg2fq3(1 + fg4)(1 + fg5)(1 − fq6)− fg4fg5fq6(1 + fg1)(1 + fg2)(1− fq3)]
+g2Q[
1
4
| Mguu→guu |2 +1
2
(| Mgud→gud |2 + | Mgdu→gdu |2) + 1
4
| Mgdd→gdd |2
+ | Mguu¯→guu¯ |2 + | Mgud¯→gud¯ |2 + | Mgdu¯→gdu¯ |2 + | Mgdd¯→gdd¯ |2
+
1
4
| Mgu¯u¯→gu¯u¯ |2 +1
2
(| Mgu¯d¯→gu¯d¯ |2 + | Mgd¯u¯→gd¯u¯ |2) +
1
4
| Mgd¯d¯→gd¯d¯ |2]
×[fg1fq2fq3(1 + fg4)(1 − fq5)(1 − fq6)− fg4fq5fq6(1 + fg1)(1− fq2)(1− fq3)]} ,
(1)
and the transport equation for up-quark matter is
∂fq1
∂t
+ ~v1 · ~∇~rfq1 = −
1
2E1
∫
d3p2
(2π)32E2
d3p3
(2π)32E3
d3p4
(2π)32E4
(2π)4δ4(p1 + p2 − p3 − p4)
×
{
gG | Mug→ug |2 [fq1fg2(1− fq3)(1 + fg4)− fq3fg4(1− fq1)(1 + fg2)]
+gQ(
1
2
| Muu→uu |2 + | Mud→ud |2 + | Muu¯→uu¯ |2 + | Mud¯→ud¯ |2)
× [fq1fq2(1− fq3)(1− fq4)− fq3fq4(1− fq1)(1− fq2)]}
− 1
2E1
∫
d3p2
(2π)32E2
d3p3
(2π)32E3
d3p4
(2π)32E4
d3p5
(2π)32E5
d3p6
(2π)32E6
×(2π)4δ4(p1 + p2 + p3 − p4 − p5 − p6)
{
g2G
4
| Mugg→ugg |2
×[fq1fg2fg3(1− fq4)(1 + fg5)(1 + fg6)− fq4fg5fg6(1− fq1)(1 + fg2)(1 + fg3)]
+gQgG(
1
2
| Muug→uug |2 + | Mudg→udg |2 + | Muu¯g→uu¯g |2 + | Mud¯g→ud¯g |2)
×[fq1fq2fg3(1− fq4)(1− fq5)(1 + fg6)− fq4fq5fg6(1− fq1)(1− fq2)(1 + fg3)]
+g2Q[
1
12
| Muuu→uuu |2 +1
4
(| Muud→uud |2 + | Mudu→udu |2) + 1
4
| Mudd→udd |2
+
1
2
| Muuu¯→uuu¯ |2 +1
2
| Muud¯→uud¯ |2 + | Mudu¯→udu¯ |2 + | Mudd¯→udd¯ |2
+
1
4
| Muu¯u¯→uu¯u¯ |2 +1
2
(| Muu¯d¯→uu¯d¯ |2 + | Mud¯u¯→ud¯u¯ |2) +
1
4
| Mud¯d¯→ud¯d¯ |2]
× [fq1fq2fq3(1− fq4)(1− fq5)(1− fq6)− fq4fq5fq6(1− fq1)(1− fq2)(1− fq3)]} ,
(2)
where ~v1 is the parton velocity; gG (gQ) is the gluon (quark) color-spin degeneracy factor;
pi(i = 1, · · ·, 6) denote the four-momenta of initial and final partons; Ei is the energy component
of pi. In equation (1) Mgdd¯→gdd¯ is the amplitude for the elastic scattering of a gluon, a
down-quark and a down-antiquark; in equation (2) Mud¯u¯→ud¯u¯ is the amplitude for the elastic
scattering of an up-quark, a down-antiquark and an up-antiquark. Other notations can be
similarly understood. The transport equations for down-quark matter, up-antiquark matter
and down-antiquark matter can be established just as the equation for up-quark matter.
We take the following replacement in the transport equations
fg1fg2(1 + fg3)(1 + fg4)− fg3fg4(1 + fg1)(1 + fg2)→ fg1fg2 − fg3fg4,
fg1fq2(1 + fg3)(1 − fq4)− fg3fq4(1 + fg1)(1− fq2)→ fg1fq2 − fg3fq4,
fg1fg2fg3(1+ fg4)(1+ fg5)(1+ fg6)− fg4fg5fg6(1+ fg1)(1+ fg2)(1+ fg3)→ fg1fg2fg3− fg4fg5fg6,
fg1fg2fq3(1+ fg4)(1+ fg5)(1− fq6)− fg4fg5fq6(1+ fg1)(1+ fg2)(1− fq3)→ fg1fg2fq3− fg4fg5fq6,
fg1fq2fq3(1+ fg4)(1− fq5)(1− fq6)− fg4fq5fq6(1+ fg1)(1− fq2)(1− fq3)→ fg1fq2fq3− fg4fq5fq6,
fq1fg2(1− fq3)(1 + fg4)− fq3fg4(1− fq1)(1 + fg2)→ fq1fg2 − fq3fg4,
fq1fq2(1− fq3)(1− fq4)− fq3fq4(1− fq1)(1− fq2)→ fq1fq2 − fq3fq4,
fq1fg2fg3(1− fq4)(1+ fg5)(1+ fg6)− fq4fg5fg6(1− fq1)(1+ fg2)(1+ fg3)→ fq1fg2fg3− fq4fg5fg6,
fq1fq2fg3(1− fq4)(1− fq5)(1+ fg6)− fq4fq5fg6(1− fq1)(1− fq2)(1+ fg3)→ fq1fq2fg3− fq4fq5fg6,
fq1fq2fq3(1− fq4)(1− fq5)(1− fq6)− fq4fq5fq6(1− fq1)(1− fq2)(1− fq3)→ fq1fq2fq3− fq4fq5fq6.
Then, any Monte Carlo method can be applied to solve the equations. We generate 1500
gluons, 250 up-quarks, 250 down-quarks, 250 up-antiquarks and 250 down-antiquarks within
−0.3 < z < 0.3 fm in the longitudinal direction and r < 6.4 fm in the transverse direction from
HIJING for central Au-Au collisions at
√
sNN = 200 GeV. The number of partons moving in
the longitudinal direction is much larger than the number of partons moving in the transverse
direction. The anisotropically distributed partons undergo elastic 2-to-2 scattering [14, 15] and
elastic 3-to-3 scattering to eventually become isotropic in momentum space (i.e. become a
thermal state) at a time. But from gluon matter to quark matter the time is different, i.e. the
thermalization time of gluon matter differs from the thermalization time of quark matter. At
t = 0.52 fm/c the gluon momentum distribution meets the Ju¨ttner distribution
fg(~p) =
λg
e|~p|/T − λg
, (3)
with the temperature T = 0.52 GeV and the gluon fugacity λg = 0.328 that label the thermal
state of gluon matter. The corresponding thermalization time is 0.32 fm/c. At t = 0.86 fm/c
the quark momentum distribution meets the Ju¨ttner distribution
fq(~p) =
λq
e|~p|/T + λq
, (4)
with T = 0.46 GeV and the quark fugacity λq = 0.143 that label the thermal state of quark
matter. The corresponding thermalization time is 0.66 fm/c. The thermalization time of quark
matter is larger than the one of gluon matter.
4. Conclusions
The elastic 2-to-2 scattering and the elastic 3-to-3 scattering lead to the rapid creation of
temperature or the early thermalization of quark-gluon matter. Solutions of the transport
equations offer the thermalization times and the thermal states of gluon matter and quark
matter. Gluon matter thermalizes faster than quark matter.
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